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Abstract
For the cyclic group Z3 and positive integer k, we study the representations
of the orbifold vertex operator algebra L
ŝl2
(k, 0)Z3 . All the irreducible modules for
L
ŝl2
(k, 0)Z3 are classified and constructed explicitly. Quantum dimensions and fusion
rules for the orbifold vertex operator algebra L
ŝl2
(k, 0)Z3 are completely determined.
1 Introduction
The orbifold construction is a powerful tool for constructing new vertex algebras from
given ones. Let V be a vertex operator algebra and G a finite group consisting of certain
automorphisms of V , the fixed point subalgebra V G = {v ∈ V | gv = v, g ∈ G} is called
an orbifold vertex operator subalgebra of V . Many interesting examples, especially orb-
ifold vertex operator algebras related to affine vertex operator algebras and lattice vertex
operator algebras, have been extensively studied both in the physics and mathematics
literature ([5], [7], [16], [17], [18],[19],[27],[28],[32],[33], etc.).
The orbifold theory is concerned with the properties and representation theory of the
fixed point vertex operator subalgebra V G. It is natural to ask whether V G inherits some
properties from V , such as simplicity, rationality, C2-cofiniteness and regularity. It has
been established that if V is a regular and selfdual vertex operator algebra of CFT type
and G is a finite solvable group, then V G is again a regular and selfdual vertex operator
algebra of CFT type [5], [32]. The decomposition of V into a direct sum of irreducible
V G-modules was initiated in [12] and [16]. The decomposition of an arbitrary irreducible
g-twisted V -module into a direct sum of V G-modules was achieved in [19] and [33]. It
follows from [18] that if V G is a regular and selfdual vertex operator algebra of CFT type,
then any irreducible V G-module occurs in an irreducible g-twisted V -module for some
g ∈ G. In other words, the irreducible V G-modules were completely classified if V G is a
regular and selfdual vertex operator algebra of CFT type.
This paper is prompted by the results of [7]. The orbifold vertex operator algebra
V A4L2 was investigated in [7], where L2 is the root lattice of the simple Lie algebra sl2 and
A4 is the alternating group which is a subgroup of the automorphism group of lattice
vertex operator algebra VL2 . The main idea is to realize V
A4
L2
as (V +L8)
〈σ〉 where L8 is a
rank one lattice defined in [6] and σ is an automorphism of sl2 of order 3. Note that VL2
is isomorphic to L
ŝl2
(1, 0) as vertex operator algebras. It is well known that L
ŝl2
(k, 0) is
a regular and selfdual vertex operator algebra of CFT type for k ∈ Z>1 [22], [29]. It is
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natural to consider the orbifold vertex operator algebra L
ŝl2
(k, 0)G for k ∈ Z>1 and some
finite subgroup G of Aut(L
ŝl2
(k, 0)). Representations and fusion rules of the Z2-orbifold
of the vertex operator algebra L
ŝl2
(k, 0)(k ∈ Z>1) were given in [28]. For the Klein
group K, k ∈ Z>1, representations of the orbifold vertex operator algebras Lŝl2(k, 0)K
were constructed in [26]. Let Z3 be the cyclic subgroup of Aut(Lŝl2(k, 0)) generated by
σ which is defined by σ(h) = h, σ(e) = −1+
√−3
2
e, σ(f) = −1−
√−3
2
f , where {h, e, f} is a
standard Chevalley basis of sl2 with Lie brackets [h, e] = 2e, [h, f ] = −2f, [e, f ] = h. Then
any irreducible L
ŝl2
(k, 0)Z3-module occurs in an irreducible τ -twisted L
ŝl2
(k, 0)-module for
some τ ∈ Z3 [18]. In this paper, we classify and construct all the irreducible modules
for the orbifold vertex operator algebras L
ŝl2
(k, 0)Z3 for k > 1. We construct τ -twisted
modules of L
ŝl2
(k, 0) for each τ ∈ Z3, and give the decomposition of each irreducible τ -
twisted L
ŝl2
(k, 0)-module into a direct sum of irreducible L
ŝl2
(k, 0)Z3-modules. It turns out
that there are exactly 9(k + 1) inequivalent irreducible L
ŝl2
(k, 0)Z3-modules. We call the
irreducible L
ŝl2
(k, 0)Z3-module coming from the irreducible L
ŝl2
(k, 0)-module the untwisted
type L
ŝl2
(k, 0)Z3-module. And, we call the irreducible L
ŝl2
(k, 0)Z3-module coming from the
twisted L
ŝl2
(k, 0)-module the twisted type L
ŝl2
(k, 0)Z3-module.
The quantum dimensions of the irreducible modules introduced in [9] are the important
invariants of V and the product formula qdimV (M ⊠V N) = qdimVM · qdimVN ([9]) for
any V -modules M , N plays an essential role in computing the fusion rules. An explicit
relation between the quantum dimension of an irreducible g-twisted V -module M and the
quantum dimension of an irreducible V G-submodule of M was given in [18]. We use this
powerful relation to compute the quantum dimension of any irreducible module of the
orbifold vertex operator algebras L
ŝl2
(k, 0)Z3.
The fusion rules for the orbifold vertex operator algebra L
ŝl2
(k, 0)Z3 are completely
determined in Section 4. The initial inspiration for the main idea is the fusion rules of
the Z2-orbifold of the vertex operator algebra Lŝl2(k, 0) [28], which is useful to deter-
mine the fusion products between untwisted type L
ŝl2
(k, 0)Z3-modules and untwisted type
L
ŝl2
(k, 0)Z3-modules as well as the fusion products between untwisted type L
ŝl2
(k, 0)Z3-
modules and twisted type L
ŝl2
(k, 0)Z3-modules. However, the determination of the fusion
products between twisted type L
ŝl2
(k, 0)Z3-modules and twisted type L
ŝl2
(k, 0)Z3-modules
is much more complicated. The main strategy is to employ the Proposition 2.8 in [11]
which described that ifW =M1⊠V M2 for any gi-twisted V -moduleMi(i = 1, 2) together
with some other conditions then W˜ = M1 ⊠V M˜2 (the notation of W˜ is defined in [11]
Lemma 2.6). Furthermore, we determine the contragredient modules of all the irreducible
L
ŝl2
(k, 0)Z3-modules, thus the fusion rules for L
ŝl2
(k, 0)Z3 are completely determined.
The paper is organized as follows. In Section 2, we briefly review some basic notations
and facts on vertex operator algebras. In Section 3, we first give the action of the cyclic
group Z3 on Lŝl2(k, 0) and realize each element of Z3 as an inner automorphism of sl2.
Then we classify and construct all the irreducible modules of the orbifold vertex operator
algebras L
ŝl2
(k, 0)Z3 for k > 1. In Section 4, we compute the quantum dimension of any
irreducible module of L
ŝl2
(k, 0)Z3 for k > 1. Finally, the fusion rules for the orbifold vertex
operator algebras L
ŝl2
(k, 0)Z3 are completely determined.
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We use the usual symbols C for the complex numbers, Z for the integers, Z>0 for the
nonnegative integers, and Z>1 for the positive integers. In this paper, j means the residue
of the integer j modulo 3.
2 Preliminary
Let (V, Y,1, ω) be a vertex operator algebra [4], [21]. We first review basics from [14],
[15], [20] and [29]. Let g be an automorphism of the vertex operator algebra V of finite
order T . Denote the decomposition of V into eigenspaces of g as:
V =
⊕
r∈Z/TZ
V r,
where V r = {v ∈ V |gv = e−2pi
√−1 r
T v}, 0 6 r 6 T −1. We use r to denote both an integer
between 0 and T − 1 and its residue class modulo T in this situation.
Definition 2.1. Let V be a vertex operator algebra. A weak g-twisted V -module is a
vector space M equipped with a linear map
YM(·, x) : V −→ (EndM)[[x 1T , x− 1T ]]
v 7−→ YM(v, x) =
∑
n∈ 1
T
Z
vnx
−n−1,
where vn ∈ EndM , satisfying the following conditions for 0 6 r 6 T − 1, u ∈ V r, v ∈ V ,
w ∈M :
YM(u, x) =
∑
n∈ r
T
+Z
unx
−n−1,
usw = 0 for s≫ 0,
YM(1, x) = idM ,
x−10 δ(
x1 − x2
x0
)YM(u, x1)YM(v, x2)− x−10 δ(
x2 − x1
−x0 )YM(v, x2)YM(u, x1)
= x−12 (
x1 − x0
x2
)−
r
T δ(
x1 − x0
x2
)YM(Y (u, x0)v, x2),
where δ(x) =
∑
n∈Z x
n and all binomial expressions are to be expanded in nonnegative
integral powers of the second variable.
The following Borcherds identities can be derived from the twisted-Jacobi identity
[14], [36].
[um+ r
T
, vn+ s
T
] =
∞∑
i=0
(
m+ r
T
i
)
(uiv)m+n+ r+s
T
−i, (2.1)
∞∑
i=0
(
r
T
i
)
(um+iv)n+ r+s
T
−i =
∞∑
i=0
(−1)i
(
m
i
)
(um+ r
T
−ivn+ s
T
+i− (−1)mvm+n+ s
T
−iu r
T
+i), (2.2)
where u ∈ V r, v ∈ V s, m, n ∈ Z.
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Definition 2.2. An admissible g-twisted V -module is a weak g-twisted V -module which
carries a 1
T
Z>0-grading M = ⊕n∈ 1
T
Z>0
M(n) satisfying vmM(n) ⊆ M(n + r −m − 1) for
homogeneous v ∈ Vr, m, n ∈ 1T Z.
Definition 2.3. A g-twisted V -module is a weak g-twisted V -module which carries a
C-grading:
M = ⊕λ∈CMλ,
such that dim Mλ < ∞, Mλ+ n
T
= 0 for fixed λ and n ≪ 0, L(0)w = λw = (wtw)w for
w ∈Mλ, where L(0) is the component operator of YM(ω, x) =
∑
n∈Z L(n)x
−n−2.
Remark 2.4. If g = idV , we have the notations of weak, admissible and ordinary V -
modules [13].
Definition 2.5. A vertex operator algebra V is called g-rational if the admissible g-twisted
V -module category is semisimple. V is called rational if V is idV -rational.
IfM = ⊕n∈ 1
T
Z>0
M(n) is an admissible g-twisted V -module, the contragredient module
M ′ is defined as follows:
M ′ = ⊕n∈ 1
T
Z>0
M(n)∗,
where M(n)∗ = HomC(M(n),C). The vertex operator YM ′(a, z) is defined for a ∈ V via
〈YM ′(a, z)f, u〉 = 〈f, YM(ezL(1)(−z−2)L(0)a, z−1)u〉,
where 〈f, u〉 = f(u) is the natural pairingM ′×M → C. It follows from [20] and [35] that
(M ′, YM ′) is an admissible g−1-twisted V -module. We can also define the contragredient
module M ′ for a g-twisted V -module M . In this case, M ′ is a g−1-twisted V -module.
Moreover, M is irreducible if and only if M ′ is irreducible. M is said to be selfdual if M
is V -isomorphic to M ′. In particular, V is said to be a selfdual vertex operator algebra if
V is isomorphic to V ′. We recall the following concept from [37].
Definition 2.6. A vertex operator algebra is called C2-cofinite if C2(V ) has finite codi-
mension (i.e., dim V/C2(V ) <∞), where C2(V ) = 〈u−2v | u, v ∈ V 〉.
We have the following result from [1], [14] and [37].
Theorem 2.7. If V is a vertex operator algebra satisfying the C2-cofinite property, then V
has only finitely many irreducible admissible modules up to isomorphism. The rationality
of V also implies the same result.
We have the following results from [14] and [15].
Theorem 2.8. If V is g-rational vertex operator algebra, then
(1) Any irreducible admissible g-twisted V -module M is a g-twisted V -module. More-
over, there exists a number λ ∈ C such that M = ⊕n∈ 1
T
Z>0
Mλ+n, where Mλ 6= 0. The
number λ is called the conformal weight of M ;
(2)There are only finitely many irreducible admissible g-twisted V -modules up to iso-
morphism.
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Definition 2.9. A vertex operator algebra V is called regular if every weak V -module is
a direct sum of irreducible V -modules, i.e., the weak module category is semisimple.
Definition 2.10. A vertex operator algebra V = ⊕n∈ZVn is said to be of CFT type if
Vn = 0 for n < 0 and V0 = C1.
Remark 2.11. It is proved in [1] that for a CFT type vertex operator algebra V , regularity
is equivalent to rationality and C2-cofiniteness.
Theorem 2.12. ([5], [32]) If V is a regular and selfdual vertex operator algebra of CFT
type, and G is solvable, then V G is a regular and selfdual vertex operator algebra of CFT
type.
We now review some notations and facts about the action of the automorphism group
on twisted modules of vertex operator algebra V from [15], [18], [19], [33].
Let g, h be two automorphisms of V . If (M,YM) is a weak g-twisted V -module, there
is a weak h−1gh-twisted V -module (M ◦ h, YM◦h) where M ◦ h =M as vector spaces and
YM◦h(v, z) = YM(hv, z) for v ∈ V . This gives a right action of Aut(V ) on weak twisted
V -modules. Symbolically, we write
(M,YM) ◦ h = (M ◦ h, YM◦h) =M ◦ h.
The V -module M is called h-stable if M ◦ h and M are isomorphic V -modules.
Let G be a finite group of automorphisms of V , g ∈ G of finite order T and M =
(M,YM) an irreducible g-twisted V -module. Define a subgroup GM of G consisting all of
h ∈ G such thatM is h-stable. For h ∈ GM , there is a linear isomorphism φ(h) :M → M
satisfying
φ(h)YM(v, z)φ(h)
−1 = YM◦h(v, z) = YM(hv, z)
for v ∈ V . The simplicity of M together with Schur’s lemma shows that h 7→ φ(h)
is a projective representation of GM on M . Let αM be the corresponding 2-cocycle
in C2(G,C∗). Then M is a module for the twisted group algebra CαM [GM ] which is
a semisimple associative algebra. A basic fact is that g belongs to GM . Let M
r =
⊕n∈ r
T
+Z>0M(n) for r = 0, 1, · · · , T − 1, then M = ⊕n∈ 1
T
Z>0
M(n) = ⊕T−1r=0M r and each
M r is an irreducible V 〈g〉-module on which φ(g) acts as constant e2pi
√−1 r
T [16], [18].
Let ΛGM ,αM be the set of all irreducible characters λ of C
αM [GM ]. Then
M = ⊕λ∈ΛGM,αMWλ ⊗Mλ, (2.3)
where Wλ is the simple C
αM [GM ]-module affording λ and Mλ = HomCαM [GM ](Wλ,M) is
the mulitiplicity ofWλ inM . And eachMλ is a module for the vertex operator subalgebra
V GM .
The following results follow from [18] and [19].
Theorem 2.13. With the same notations as above we have
(1) Wλ ⊗Mλ is nonzero for any λ ∈ ΛGM ,αM .
(2) Each Mλ is an irreducible V
GM -module.
(3) Mλ and Mµ are equivalent V
GM -module if and only if λ = µ.
5
Theorem 2.14. Let g, h ∈ G, M be an irreducible g-twisted V -module, and N an
irreducible h-twisted V -module. If M , N are not in the same orbit under the action of
G, then the irreducible V G-modules Mλ and Nµ are inequivalent for any λ ∈ ΛGM ,αM and
µ ∈ ΛGN ,αN .
Theorem 2.15. Let V G be a regular and selfdual vertex operator algebra of CFT type.
Then any irreducible V G-module is isomorphic to Mλ for some irreducible g-twisted V -
module M and some λ ∈ ΛGM ,αM . In particular, if V is a regular and selfdual vertex
operator algebra of CFT type and G is solvable, then any irreducible V G-module is iso-
morphic to some Mλ.
We now recall from [20] the notions of intertwining operators and fusion rules.
Definition 2.16. Let (V, Y ) be a vertex operator algebra and let (W 1, Y 1), (W 2, Y 2) and
(W 3, Y 3) be V -modules. An intertwining operator of type
(
W 3
W 1 W 2
)
is a linear map
I(·, z) : W 1 −→ Hom(W 2,W 3){z}
u 7−→ I(u, z) =
∑
n∈Q
unz
−n−1
satisfying:
(1) for any u ∈ W 1 and v ∈ W 2, unv = 0 for n sufficiently large;
(2) I(L(−1)v, z) = d
dz
I(v, z);
(3) (Jacobi identity) for any u ∈ V , v ∈ W 1,
z−10 δ
(
z1 − z2
z0
)
Y 3(u, z1)I(v, z2)− z−10 δ
(−z2 + z1
z0
)
I(v, z2)Y
2(u, z1)
= z−12 δ
(
z1 − z0
z2
)
I(Y 1(u, z0)v, z2).
The space of all intertwining operators of type
(
W 3
W 1 W 2
)
is denoted by IV
(
W 3
W 1 W 2
)
.
Let NW
3
W 1,W 2 = dim IV
(
W 3
W 1 W 2
)
. These integers NW
3
W 1,W 2 are usually called the fusion
rules.
Remark 2.17. ([22]) Let M i = ⊕n∈ZM i(n), i = 1, 2, 3 be irreducible modules for a vertex
operator algebra V , and the corresponding conformal weights are ai, i = 1, 2, 3. If I(·, z)
is an intertwining operator of type
(
W 3
W 1 W 2
)
, then I(·, z) can be written as
I(v, z) =
∑
n∈Z
v(n)z−n−1z−a1−a2+a3
such that for honogeneous v ∈M1, v(n)M2(m) ⊂M3(m+ degv− 1−n), where degv = d
means v ∈M1(d).
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From [2], we have the following proposition.
Proposition 2.18. Let V be a vertex operator algebra and let W 1, W 2, W 3 be V -modules
among which W 1 and W 2 are irreducible. Suppose that U is a vertex operator subal-
gebra of V (with the same Virasoro element) and that N1 and N2 are irreducible U-
submodules of W 1 and W 2, respectively. Then the restriction map from IV
(
W 3
W 1 W 2
)
to IU
(
W 3
N1 N2
)
is injective. In particular,
dimIV
(
W 3
W 1 W 2
)
6 dimIU
(
W 3
N1 N2
)
(2.4)
Definition 2.19. Let V be a vertex operator algebra, and W 1 , W 2 be two V -modules. A
pair (W,F (·, z)), which consists of a V -module W and an intertwining operator F (·, z) of
type
(
W
W 1 W 2
)
, is called a tensor product (or fusion product) of the ordered pair W 1
andW 2 if for any V -moduleM and any intertwining operator I(·, z) of type
(
M
W 1 W 2
)
,
there exists a unique V -module homomorphism f from W to M such that I(·, z) = f ◦
F (·, z). In this case, we denote the tensor product (W,F (·, z)) by W 1 ⊠V W 2.
The following result is obtained in [23], [24], [25].
Theorem 2.20. Let V be a regular and selfdual vertex operator algebra of CFT type,
M0 ∼= V,M1, · · · ,Md are all inequivalent irreducible V -modules and the conformal weights
λi ofM
i are positive for all i > 0. Then the tensor product of any two V -modulesM⊠V N
exists. In particular,
M i ⊠V M
j =
d∑
k=0
NM
k
M i,MjM
k, (2.5)
for any i, j ∈ {0, 1, · · · , d}.
Fusion rules have the following symmetric property [20].
Proposition 2.21. Let W i(i = 1, 2, 3) be V -modules. Then
NW
3
W 1,W 2 = N
W 3
W 2,W 1, N
W 3
W 1,W 2 = N
(W 2)
′
W 1,(W 3)′
.
Definition 2.22. Let V be a simple vertex operator algebra, a simple V -module M is
called a simple current if for any irreducible V -module, M ⊠V W exists and is also an
irreducible V -module.
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3 Classification and construction of irreducible mod-
ules of L
ŝl2
(k, 0)Z3
In this section, we will introduce the cyclic group Z3 which is a subgroup of Aut(Lŝl2(k, 0)),
and realize each element of Z3 as an inner automorphism of sl2(C). And we will classify
and construct explicitly the irreducible modules of the orbifold vertex operator algebras
L
ŝl2
(k, 0)Z3 for k > 1.
Let h, e, f be a standard Chevalley basis of sl2(C), define automorphism σ of sl2(C)
as follows:
σ(h) = h, σ(e) =
−1 +√−3
2
e, σ(f) =
−1−√−3
2
f.
It is obvious that the automorphic subgroup generated by σ is isomorphic to the cyclic
group Z3, and Z3 can be lifted to an automorphic subgroup of the vertex operator algebra
L
ŝl2
(k, 0).
In the following statement, we denote L
ŝl2
(k, 0) by L(k, 0) for simplicity and k is a
positive integer unless otherwise stated. By the quantum Galois theory [16], we first have
the following decomposition.
Theorem 3.1. As a L(k, 0)Z3-module,
L(k, 0) = L(k, 0)0 ⊕ L(k, 0)1 ⊕ L(k, 0)2,
where L(k, 0)0(= L(k, 0)Z3) is a simple vertex operator algebra, and L(k, 0)0 (resp. L(k, 0)1,
L(k, 0)2) is the irreducible L(k, 0)Z3-module generated by the lowest weight vector 1 (resp.
e(−1)1, f(−1)1) with the lowest weight 0 (resp. 1, 1).
Proof. Since Z3 is a cyclic group which has only three 1-dimensional irreducible mod-
ules. Let Irr(Z3) denote the set of irreducible characters of Z3 which contains three
irreducible characters χ0 (unit representation), χ1, and χ2 up to isomorphism. From
[16], L(k, 0) = ⊕χ∈Irr(Z3)L(k, 0)χ is a decomposition of L(k, 0) into simple L(k, 0)Z3-
modules. Moreover, L(k, 0)χ is nonzero for any χ ∈ Irr(Z3), and L(k, 0)χ and L(k, 0)µ are
equivalent L(k, 0)Z3-module if and only if χ = µ. Obviously, L(k, 0)Z3 is an irreducible
L(k, 0)Z3-module affording the unit character χ0. Observing the action of Z3 on L(k, 0)1
which is isomorphic to sl2(C), we find that e(−1)1 and f(−1)1 generate two inequiva-
lent irreducible modules according to χ1 and χ2, respectively. Note that L(k, 0)0 = C1
and L(k, 0)1 = Ch(−1)1 ⊕ C(e(−1)1) ⊕ C(f(−1)1), then 1, e(−1)1 and f(−1)1 are
three different lowest weight vectors in L(k, 0) as a L(k, 0)Z3-module. Let L(k, 0)0 (resp.
L(k, 0)1, L(k, 0)2) be the irreducible L(k, 0)Z3-module generated by the lowest weight vec-
tor 1 (resp. e(−1)1, f(−1)1) with the lowest weight 0 (resp. 1, 1). Then the irreducible
L(k, 0)Z3-module decomposition L(k, 0) = ⊕2j=0L(k, 0)j holds.
Let α be the simple root of sl2(C) with 〈α, α〉 = 2. From [22], the integrable highest
weight L(k, 0)-modules L(k, i) for 0 6 i 6 k provide a complete list of irreducible L(k, 0)-
modules with the lowest weight spaces being (i+1)-dimensional irreducible sl2(C)-modules
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L( iα
2
), respectively. For 0 6 i 6 k, let {vi,j|0 6 j 6 i} be the basis of L( iα
2
) according to
the sl2-triple {h, e, f} with the following action of ŝl2 on L( iα2 ), namely
h(0)vi,j = (i− 2j)vi,j for 0 6 j 6 i,
e(0)vi,0 = 0, e(0)vi,j = (i− j + 1)vi,j−1 for 1 6 j 6 i,
f(0)vi,i = 0, f(0)vi,j = (j + 1)vi,j+1 for 0 6 j 6 i− 1,
a(n)vi,j = 0 for a ∈ {h, e, f}, n > 1.
The following lemma will be very useful later.
Lemma 3.2. e(−1)vk,0 = 0, f(−1)vk,k = 0 in L(k, k).
Proof. Since {h(−1)1, e(−1)1, f(−1)1} is a gererator set of the simple vertex operator
algebra L(k, 0). And
(h(−1)1)1e(−1)vk,0 = (e(−1)1)1e(−1)vk,0 = (f(−1)1)1e(−1)vk,0 = 0
implies that e(−1)vk,0 is a lowestest weight vector in the irreducible L(k, 0)-module
L(k, k), yielding a contradiction. Thus e(−1)vk,0 = 0 in L(k, k). Similarly, we can prove
that f(−1)vk,k = 0 in L(k, k).
It is well known that L(k, 0) is a regular and selfdual vertex operator algebra of
CFT type for k ∈ Z>1 [22], [29]. From Theorem 2.12, L(k, 0)Z3 is again a regular and
selfdual vertex operator algebra of CFT type. Thus, from Theorem 2.15, any irreducible
L(k, 0)Z3-module occurs in an irreducible τ -twisted L(k, 0)-module for some τ ∈ Z3 =
{σ0 = id, σ, σ2}.
Now we are in a position to classify and construct all the irreducible L(k, 0)Z3-modules
coming from the irreducible untwisted(i.e., id-twisted) L(k, 0)-modules L(k, i) (0 6 i 6 k).
We first determine the subgroup (Z3)L(k,i) of Z3 which contains τ ∈ Z3 such that L(k, i)
is τ -stable.
Lemma 3.3. (Z3)L(k,i) = Z3 for any 0 6 i 6 k.
Proof. For any τ ∈ Z3, by the definition of L(k, i)◦τ , L(k, i) and L(k, i)◦τ have the same
lowest weight. Observe that the lowest weights i(i+2)
4(k+2)
(0 6 i 6 k) are pairwise different
which implies that all the irreducible L(k, 0)-modules L(k, i)(0 6 i 6 k) are τ -stable.
Thus, (Z3)L(k,i) = Z3.
From (2.3), we know that L(k, i)(0 6 i 6 k) can be decomposed as L(k, 0)Z3-modules,
and the case of i = 0 has been stated in Theorem 3.1. For 0 < i 6 k, we define φ(σr)
(r = 0, 1, 2) from L(k, i) to L(k, i) as follows:
φ(σ0) : vi,j 7→ vi,j, (3.1)
φ(σ1) : vi,j 7→ ξi−jvi,j, (3.2)
φ(σ2) : vi,j 7→ ξj−ivi,j, (3.3)
where ξ = −1+
√−3
2
. It is easy to verify that φ(σr)(r = 0, 1, 2) are L(k, 0)-module isomor-
phisms. Using Theorem 2.13 and Theorem 2.14, we have the following result.
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Theorem 3.4. For each 0 < i 6 k, we have the following irreducible L(k, 0)Z3-module
decomposition.
1. If k = 1, i = 1, then
L(k, i) = L(1, 1) = L(1, 1)0 ⊕ L(1, 1)1 ⊕ L(1, 1)2, (3.4)
where L(1, 1)0 (resp. L(1, 1)1, L(1, 1)2) is the irreducible L(1, 0)Z3-module generated
by the lowest weight vector v1,1 (resp. v1,0, f(−2)v1,1) with the lowest weight 1
4
(resp.
1
4
, 9
4
).
2. If k > 1, i = 1, then
L(k, i) = L(k, 1) = L(k, 1)0 ⊕ L(k, 1)1 ⊕ L(k, 1)2, (3.5)
where L(k, 1)0 (resp. L(k, 1)1, L(k, 1)2) is the irreducible L(k, 0)Z3-module generated
by the lowest weight vector v1,1 (resp. v1,0, f(−1)v1,1) with the lowest weight 3
4(k+2)
(resp. 3
4(k+2)
, 4k+11
4(k+2)
).
3. If 1 < i 6 k, then
L(k, i) = L(k, i)0 ⊕ L(k, i)1 ⊕ L(k, i)2, (3.6)
where L(k, i)0, L(k, i)1, and L(k, i)2 are the irreducible L(k, 0)Z3-modules generated
by the lowest weight vectors vi,i, vi,i−1 and vi,i−2 with the same lowest weight i(i+2)
4(k+2)
,
respectively.
Proof. The simplicity of L(k, i) shows that τ 7→ φ(τ) gives a projective representation
of Z3 on L(k, i). By Lemma 3.3, the Z3-orbit L(k, i) ◦ Z3 of L(k, i) only contains it-
self. Let αL(k,i) be the corresponding 2-cocycle in C
2(Z3,C
∗). Then L(k, i) is a module
for the twisted group algebra CαL(k,i) [Z3] with relation φ(σ)φ(σ) = φ(σ
2). The twisted
group algebra CαL(k,i) [Z3] is a commutative semisimple associative algebra which has three
irreducible modules of dimension one. Let L(k, i) = ⊕j=2j=0L(k, i)j be the eigenspace de-
composition, where L(k, i)j is the eigenspace for φ(σ) on L(k, i) with eigenvalue e
2pi
√−1j
3 .
From the definition of φ(σ), we know that vi,i is a lowest weight vector of L(k, i)0 and vi,i−1
is a lowest weight vector of L(k, i)1. However, the lowest weight vectors of L(k, 0)2 depend
on the value of k and i. From lemma 3.2, we know that e(−1)v1,0 = f(−1)v1,1 = 0 in
L(1, 1). Thus f(−2)v1,1 is a lowest weight vector of L(k, 0)2 if k = 1 and f(−1)v1,1
is a lowest weight vector of L(k, 0)2 if k > 1. From Theorem 2.13, we know that
L(k, i)j , j = 0, 1, 2 are inequivalent irreducible L(k, 0)Z3-modules for fixed 1 6 i 6 k.
Therefore, the decomposition of L(k, i) into inequivalent irreducible L(k, 0)Z3-modules is
L(k, i) = ⊕j=2j=0L(k, i)j .
Let h(r) = r
6
h, r ∈ Z>0. Direct calculations yield that
L(n)h(r) = δn,0h
(r), h(r)(n)h(r) = δn,1
r2k
18
1, for n ∈ Z>1,
10
h(r)(0)e =
r
3
e, h(r)(0)f = −r
3
f, h(r)(0)h(r) = 0,
where L(n) = ω(n + 1), ω is the conformal vector of L(k, 0). These equations show that
h(r)(0) acts on L(k, 0) semisimply with rational eigenvalues. From [30], we know that
e2pi
√−1h(r)(0) is an automorphism of L(k, 0). Moreover, e2pi
√−1h(r)(0)(h) = h, e2pi
√−1h(r)(0)(e) =
e
2pi
√−1r
3 e, e2pi
√−1h(r)(0)(f) = e−
2pi
√−1r
3 f . Thus we have the following proposition.
Proposition 3.5. e2pi
√−1h(1)(0) = σ, e2pi
√−1h(2)(0) = σ2.
For r ∈ Z>0, let
∆(h(r), z) = zh
(r)(0) exp(
∞∑
n=1
h(r)(n)
−n (−z)
−n).
It is easy to verify that ∆(h(r), z) = ∆(h(1), z)r. From [31], we have the following result.
Lemma 3.6. For each r ∈ Z>0, (L(k, i)Tr , Yσr(·, z)) = (L(k, i), Y (∆(h(r), z)·, z))(0 6
i 6 k) provide a complete list of irreducible σr-twisted L(k, 0)-modules. In particular,
(L(k, i)T0 , Yσ0(·, z)) = (L(k, i), Y (·, z))(0 6 i 6 k) are all the irreducible untwisted L(k, 0)-
modules.
Direct calculations yield that
h(r)(0)ω = 0, h(r)(1)ω = h(r), h(r)(1)2ω =
r2k
18
1, (3.7)
h(r)(n)ω = 0 for n ∈ Z>1, (3.8)
∆(h(r), z)ω = ω + z−1h(r) + z−2
r2k
36
1, (3.9)
Yσr(h
(r), z) = Y (h(r) +
r2k
18
z−1, z), (3.10)
Yσr(h, z) = Y (h+
rk
3
z−1, z), (3.11)
Yσr(e, z) = z
r
3Y (e, z), (3.12)
Yσr(f, z) = z
− r
3Y (f, z). (3.13)
To distinguish the components of Y (v, z) from those of Yσr(v, z), for fixed r, we denote
the following expansions
Yσr(v, z) =
∑
n∈ t
3
+Z
vnz
−n−1, Y (v, z) =
∑
n∈Z
v(n)z−n−1,
where v ∈ L(k, 0), t ∈ {0, 1, 2} such that σr(v) = e−2pi
√−1t
3 v. And we denote L
(r)
n be
the component operator of Yσr(ω, z) =
∑
n∈Z L
(r)
n z−n−2. Note that L
(0)
n = L(n). By
(3.9)-(3.13), Lemma 3.2 and direct calculations, we have the following lemmas.
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Lemma 3.7. L
(r)
0 v
i,i = a
(r)
k,iv
i,i, where a
(r)
k,i =
i(i+2)
4(k+2)
+ r
2k−6ir
36
is the eigenvalue of the
operator L
(r)
0 on v
i,i. Thus, for r = 0, 1, 2, a
(r)
k,i is the conformal weight of the irreducible
σr-twisted L(k, 0)-module L(k, i)Tr .
Lemma 3.8. For 0 6 i 6 k, write L(k, i)T1 = ⊕n∈ 1
3
Z>0
L(k, i)T1(n) as an admissible
σ-twisted L(k, 0)-module. Then
1. For i = 0,
L(k, i)T1(0) = C1, L(k, i)T1(
1
3
) = Ce− 1
3
1 = 0,
L(k, i)T1(
2
3
) = Cf− 2
3
1 = Cf(−1)1, e− 4
3
1 = e(−1)1 ∈ L(k, i)T1(4
3
),
L
(1)
0 (1) =
k
36
1, L
(1)
0 (e(−1)1) = (
k
36
+
4
3
)e(−1)1,
L
(1)
0 (f(−1)1) = (
k
36
+
2
3
)f(−1)1.
2. For i = 1 and k = 1,
L(k, i)T1(0) = Cv1,1, L(k, i)T1(
1
3
) = Ce− 1
3
v1,1 = Cv1,0,
L(k, i)T1(
2
3
) = Ce2− 1
3
v1,1 ⊕ Cf− 2
3
v1,1 = 0,
f− 5
3
v1,1 = f(−2)v1,1 ∈ L(k, i)T1(5
3
),
L
(1)
0 (v
1,1) =
1
9
v1,1, L
(1)
0 (v
1,0) =
4
9
v1,0,
L
(1)
0 (f(−2)v1,1) =
16
9
f(−2)v1,1.
3. For i = 1 and k > 1,
L(k, i)T1(0) = Cv1,1, L(k, i)T1(
1
3
) = Ce− 1
3
v1,1 = Cv1,0,
L(k, i)T1(
2
3
) = Ce2− 1
3
v1,1 ⊕ Cf− 2
3
v1,1 = Cf(−1)v1,1,
L
(1)
0 (v
1,1) = (
3
4(k + 2)
+
k − 6
36
)v1,1,
L
(1)
0 (v
1,0) = (
3
4(k + 2)
+
k + 6
36
)v1,0,
L
(1)
0 (f(−1)v1,1) = (
3
4(k + 2)
+
k + 18
36
)f(−1)v1,1.
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4. For 1 < i 6 k,
L(k, i)T1(0) = Cvi,i, L(k, i)T1(
1
3
) = Ce− 1
3
vi,i = Cvi,i−1,
L(k, i)T1(
2
3
) = Cf− 2
3
vi,i ⊕ Ce− 1
3
vi,i−1 = Cf(−1)vi,i ⊕ Cvi,i−2,
L
(1)
0 (v
i,i) = (
i(i+ 2)
4(k + 2)
+
k − 6i
36
)vi,i,
L
(1)
0 (v
i,i−1) = (
i(i+ 2)
4(k + 2)
+
k − 6i+ 12
36
)vi,i−1,
L
(1)
0 (v
i,i−2) = (
i(i+ 2)
4(k + 2)
+
k − 6i+ 24
36
)vi,i−2.
Lemma 3.9. For 0 6 i 6 k, write L(k, i)T2 = ⊕n∈ 1
3
Z>0
L(k, i)T2(n) as an admissible
σ2-twisted L(k, 0)-module. Then
1. For i = 0 and k = 1,
L(k, i)T2(0) = C1, L(k, i)T2(
1
3
) = Cf− 1
3
1 = Cf(−1)1,
L(k, i)T2(
2
3
) = Ce− 2
3
1⊕ Cf 2− 1
3
1 = 0,
e− 5
3
1 = e(−1)1 ∈ L(k, i)T2(5
3
),
L
(2)
0 (1) =
1
9
1, L
(2)
0 (f(−1)1) =
4
9
f(−1)1,
L
(2)
0 (e(−1)1) =
16
9
e(−1)1.
2. For i = 0 and k > 1,
L(k, i)T2(0) = C1, L(k, i)T2(
1
3
) = Cf− 1
3
1 = Cf(−1)1,
L(k, i)T2(
2
3
) = Ce− 2
3
1⊕ Cf 2− 1
3
1 = Cf(−1)21,
L
(2)
0 (1) =
k
9
1, L
(2)
0 (f(−1)1) = (
k
9
+
1
3
)f(−1)1,
L
(2)
0 (f(−1)21) = (
k
9
+
2
3
)f(−1)21.
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3. For i = 1 and k = 1,
L(k, i)T2(0) = Cv1,1, L(k, i)T2(
1
3
) = Cf− 1
3
v1,1 = Cf(−1)v1,1 = 0,
L(k, i)T2(
2
3
) = Ce− 2
3
v1,1 ⊕ Cf 2− 1
3
v1,1 = Cv1,0,
f− 4
3
v1,1 = f(−2)v1,1 ∈ L(k, i)T2(4
3
)
L
(2)
0 (v
1,1) =
1
36
v1,1, L
(2)
0 (v
1,0) =
25
36
v1,0,
L
(2)
0 (f(−2)v1,1) =
49
36
f(−2)v1,1.
4. For i = 1 and k > 1,
L(k, i)T2(0) = Cv1,1, L(k, i)T2(
1
3
) = Cf− 1
3
v1,1 = Cf(−1)v1,1,
L(k, i)T2(
2
3
) = Ce− 2
3
v1,1 ⊕ Cf 2− 1
3
v1,1 = Cv1,0 ⊕ Cf(−1)2v1,1,
L
(2)
0 (v
1,1) = (
3
4(k + 2)
+
k − 3
9
)v1,1,
L
(2)
0 (f(−1)v1,1) = (
3
4(k + 2)
+
k
9
)f(−1)v1,1,
L
(2)
0 (v
1,0) = (
3
4(k + 2)
+
k + 3
9
)v1,0.
5. For 1 < i < k,
L(k, i)T2(0) = Cvi,i, L(k, i)T2(
1
3
) = Cf− 1
3
vi,i = Cf(−1)vi,i,
e− 2
3
vi,i = vi,i−1 ∈ L(k, i)T2(2
3
),
L
(2)
0 (v
i,i) = (
i(i+ 2)
4(k + 2)
+
k − 3i
9
)vi,i,
L
(2)
0 (f(−1)vi,i) = (
i(i+ 2)
4(k + 2)
+
k − 3i+ 3
9
)f(−1)vi,i,
L
(2)
0 (v
i,i−1) = (
i(i+ 2)
4(k + 2)
+
k − 3i+ 6
9
)vi,i−1.
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6. For 1 < i = k,
L(k, i)T2(0) = Cvk,k, L(k, i)T2(
1
3
) = Cf− 1
3
vk,k = 0,
L(k, i)T2(
2
3
) = Ce− 2
3
vk,k ⊕ Cf 2− 1
3
vk,k = Cvk,k−1,
f− 4
3
vk,k = f(−2)vk,k ∈ L(k, i)T2(4
3
),
L
(2)
0 (v
k,k) = (
k
36
)vk,k, L
(2)
0 (v
k,k−1) = (
k
36
+
2
3
)vk,k−1,
L
(2)
0 (f(−2)vk,k) = (
k
36
+
4
3
)f(−2)vk,k.
Now we are poised to give the classification of the irreducible L(k, 0)Z3-modules coming
from σr-twisted L(k, 0)-modules L(k, i)Tr(0 6 i 6 k, r = 1, 2). Note that v0,0 = 1. Set
uT1,0k,i = v
i,i ∈ L(k, i)T1(0), 0 6 i 6 k
uT1,1k,i =
{
e(−1)1 ∈ L(k, 0)T1(4
3
), i = 0, k > 1
vi,i−1 ∈ L(k, i)T1(1
3
), 0 < i 6 k
uT1,2k,i =

f(−1)1 ∈ L(k, 0)T1(2
3
), i = 0, k > 1
f(−2)v1,1 ∈ L(1, 1)T1(5
3
), i = 1, k = 1
f(−1)v1,1 ∈ L(k, 1)T1(2
3
), i = 1, k > 1
vi,i−2 ∈ L(k, i)T1(2
3
), 1 < i 6 k
uT2,0k,i = v
i,i ∈ L(k, i)T2(0), 0 6 i 6 k
uT2,1k,i =
{
f(−1)vi,i ∈ L(k, i)T2(1
3
), 0 6 i < k
f(−2)vk,k ∈ L(k, k)T2(4
3
), i = k
uT2,2k,i =

e(−1)1 ∈ L(1, 0)T2(5
3
), i = 0, k = 1
f(−1)21 ∈ L(k, 0)T2(2
3
), i = 0, k > 1
vi,i−1 ∈ L(k, i)T2(2
3
), 1 6 i 6 k.
Then we have the following results.
Lemma 3.10. Let L(k, i)Tr ,j be the L(k, 0)Z3-modules generated by uTr,jk,i , where k ∈ Z>1,
0 6 i 6 k, r = 1, 2, j = 0, 1, 2. Then L(k, i)Tr ,j (k ∈ Z>1, 0 6 i 6 k, r = 1, 2, j = 0, 1, 2)
are irreducible L(k, 0)Z3-modules.
Proof. Since we write L(k, i)Tr = ⊕n∈ 1
3
Z>0
L(k, i)Tr(n) as an admissible σr-twisted L(k, 0)-
module, then L(k, i)Tr ,j = ⊕n∈ j
3
+ZL(k, i)
Tr(n) is an irreducible L(k, 0)Z3-module for j =
0, 1, 2 [16].
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Theorem 3.11. For any 0 6 i 6 k, r = 1, 2, we have the following inequivalent irre-
ducible L(k, 0)Z3-module decomposition:
L(k, i)Tr =
2⊕
j=0
L(k, i)Tr ,j . (3.14)
Proof. For r = 1, 2, a basic fact is that σr belongs to (Z3)L(k,i)Tr , thus (Z3)L(k,i)Tr = Z3
for any 0 6 i 6 k. Then the theorem follows from (2.3), Theorem 2.13 and Theorem
2.14.
We are now in a position to state the main result of this section.
Theorem 3.12. There are exactly 9(k + 1) irreducible L(k, 0)Z3-modules up to isomor-
phism. We give these irreducible L(k, 0)Z3-modules with their conformal weights by Table
1 and Table 2.
Table 1: k = 1
L(1, 0)0 L(1, 0)1 L(1, 0)2 L(1, 1)0 L(1, 1)1 L(1, 1)2
ω 0 1 1 14
1
4
9
4
L(1, 0)T1 ,0 L(1, 0)T1,1 L(1, 0)T1 ,2 L(1, 1)T1,0 L(1, 1)T1 ,1 L(1, 1)T1,2
ω 136
49
36
25
36
1
9
4
9
16
9
L(1, 0)T2 ,0 L(1, 0)T2,1 L(1, 0)T2 ,2 L(1, 1)T2,0 L(1, 1)T2 ,1 L(1, 1)T2,2
ω 19
4
9
16
9
1
36
49
36
25
36
Proof. It follows from the Theorem 2.15 that all the irreducible modules of the orbifold
vertex operator algebra L(k, 0)Z3 come from {L(k, i), L(k, i)Tr |r = 1, 2, 0 6 i 6 k}. Then
the theorem follows from Theorem 3.1, Theorem 3.4 and Theorem 3.11. For the case of
k = 1, the lowest weight vectors of L(1, i)T1,j(i = 0, 1, j = 0, 1, 2) with their lowest weights
have been given in [7].
Remark 3.13. For k = 1, the orbifold vertex operator algebra L(1, 0)Z3 can be realized
as the lattice vertex operator algebra VZβ associated to the positive definite even lattice Zβ
with (β, β) = 18 [8]. Moreover, it is well known that there are 18 inequivalent irreducible
VZβ-modules: {VZβ+ s
18
β|0 6 s < 18} [4], [21]. Therefore, from [8] together with the
Proposition 2.15 in [11], we have the following L(1, 0)Z3-module isomorphisms:
L(1, 0) ∼= VZβ ⊕ VZβ+ 6
18
β ⊕ VZβ+ 12
18
β,
L(1, 0)0 ∼= VZβ, L(1, 0)1 ∼= VZβ+ 6
18
β, L(1, 0)
2 ∼= VZβ+ 12
18
β,
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Table 2: k > 1
i = 0 L(k, 0)0 L(k, 0)1 L(k, 0)2
ω 0 1 1
i = 1 L(k, 1)0 L(k, 1)1 L(k, 1)2
ω 34(k+2)
3
4(k+2)
4k+11
4(k+2)
1 < i 6 k L(k, i)0 L(k, i)1 L(k, i)2
ω
i(i+2)
4(k+2)
i(i+2)
4(k+2)
i(i+2)
4(k+2)
i = 0 L(k, 0)T1 ,0 L(k, 0)T1,1 L(k, 0)T1 ,2
ω k36
k+48
36
k+24
36
0 < i 6 k L(k, i)T1 ,0 L(k, i)T1,1 L(k, i)T1,2
ω
i(i+2)
4(k+2) +
k−6i
36
i(i+2)
4(k+2) +
k−6i+12
36
i(i+2)
4(k+2) +
k−6i+24
36
0 6 i < k L(k, i)T2 ,0 L(k, i)T2,1 L(k, i)T2,2
ω
i(i+2)
4(k+2) +
k−3i
9
i(i+2)
4(k+2) +
k−3i+3
9
i(i+2)
4(k+2) +
k−3i+6
9
i = k L(k, k)T2,0 L(k, k)T2,1 L(k, k)T2,2
ω k36
k+48
36
k+24
36
L(1, 0)T1 ∼= VZβ+ 1
18
β ⊕ VZβ+ 7
18
β ⊕ VZβ+ 13
18
β ,
L(1, 0)T1,0 ∼= VZβ+ 1
18
β, L(1, 0)
T1,1 ∼= VZβ+ 7
18
β, L(1, 0)
T1,2 ∼= VZβ+ 13
18
β,
L(1, 0)T2 ∼= VZβ+ 2
18
β ⊕ VZβ+ 8
18
β ⊕ VZβ+ 14
18
β ,
L(1, 0)T2,0 ∼= VZβ+ 2
18
β, L(1, 0)
T2,1 ∼= VZβ+ 14
18
β, L(1, 0)
T2,2 ∼= VZβ+ 8
18
β,
L(1, 1) ∼= VZβ+ 3
18
β ⊕ VZβ+ 9
18
β ⊕ VZβ+ 15
18
β,
L(1, 1)0 ∼= VZβ+ 15
18
β , L(1, 1)
1 ∼= VZβ+ 3
18
β , L(1, 1)
2 ∼= VZβ+ 9
18
β ,
L(1, 1)T1 ∼= VZβ+ 4
18
β ⊕ VZβ+ 10
18
β ⊕ VZβ+ 16
18
β ,
L(1, 1)T1,0 ∼= VZβ+ 16
18
β, L(1, 1)
T1,1 ∼= VZβ+ 4
18
β, L(1, 1)
T1,2 ∼= VZβ+ 10
18
β,
L(1, 1)T2 ∼= VZβ+ 5
18
β ⊕ VZβ+ 11
18
β ⊕ VZβ+ 17
18
β ,
L(1, 1)T2,0 ∼= VZβ+ 17
18
β, L(1, 1)
T2,1 ∼= VZβ+ 11
18
β, L(1, 1)
T2,2 ∼= VZβ+ 5
18
β.
17
4 Quantum dimensions and fusion rules for the orb-
ifold vertex operator algebra L(k, 0)Z3
In this section, we first recall from [18] some results on the quantum dimensions of irre-
ducible g-twisted V -modules and irreducible V G-modules for G being a finite automor-
phism group of the vertex operator algebra V . Then we compute the quantum dimensions
for irreducible modules of the orbifold vertex operator algebra L(k, 0)Z3 . Finally, we de-
termine the fusion rules for the orbifold vertex operator algebras L(k, 0)Z3 .
Let V be a vertex operator algebra, g an automorphism of V with order T and M =
⊕n∈ 1
T
Z>0
Mλ+n a g-twisted V -module. For any homogeneous element v ∈ V we define a
trace function associated to v as follows:
ZM(v, q) = trMo(v)q
L(0)− c
24 = qλ−
c
24
∑
n∈ 1
T
Z>0
trMλ+no(v)q
n (4.1)
where o(v) = vwtv−1 is the degree zero operator of v, c is the central charge of the vertex
operator algebra V and λ is the conformal weight of M . This is a formal power series in
variable q. It is proved in [14], [37] that ZM(v, q) converges to a holomorphic function,
denoted by ZM(v, τ), in the domain |q| < 1 if V is C2-cofinite. Here and below, τ is
in the upper half plane H and q = e2pi
√−1τ . Note that if v = 1 is the vacuum vector,
then ZM(1, q) is the formal character of M . We simply denote ZM(1, q) and ZM(1, τ) by
χM(q) and χM(τ), respectively. χM(q) is called the character of M .
Let V be a regular and selfdual vertex operator algebra of CFT type and G a finite
automorphism group of V . Let g ∈ G and M a g-twisted V -module. Then M is a finite
sum of irreducible g-twisted V -modules. In particular, each homogeneous subspace of
M is finite dimensional. From the above discussion, we know that χV (τ) and χM(τ) are
holomorphic functions on H. In [9], the quantum dimension of M over V is defined to be
qdimVM = lim
y→0+
χM(
√−1y)
χV (
√−1y) = limq→1−
chqM
chqV
where y is real and positive, q = e2pi
√−1τ , τ =
√−1y. From [9], we know that for any
V -module M , qdimVM always exists and is greater than or equal to 1 if the weight of
each irreducible V -module is positive except V itself. It was proved in [18] that for any
g ∈ G and any g-twisted V -module M , qdimVM always exists and is nonnegative. Also,
qdimV (M ◦ h) = qdimVM for any h ∈ G and qdimVM = qdimVM ′.
Lemma 4.1. ([9]) Let V be a regular and selfdual vertex operator algebra of CFT type,
and M0 ∼= V,M1, · · · ,Md are all inequivalent irreducible V -modules. We also assume
that the conformal weights λi of M
i are positive for all i > 0. Then
qdimV (M
i
⊠V M
j) = qdimVM
i · qdimVM j (4.2)
for 0 6 i, j 6 d.
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Lemma 4.2. ([18]) Let V be a regular and selfdual vertex operator algebra of CFT type,
G a finite automorphism group of V , g ∈ G and M a g-twisted V -module, λ ∈ ΛGM ,αM .
If the weight of any irreducible g-twisted V -module is positive except V itself. Then
qdimV GM = |G| · qdimVM, (4.3)
qdimV GMλ = [G : GM ] · dimWλ · qdimVM. (4.4)
Moreover, qdimVM takes values in {2 cos pin |n > 3} ∪ [2,∞).
Lemma 4.3. For 0 6 i 6 k, the quantum dimensions of irreducible L(k, 0)-modules are
qdimL(k,0)L(k, i) =
sin pi(i+1)
k+2
sin pi
k+2
. (4.5)
Lemma 4.4. ([8]) For 0 6 i 6 k, the quantum dimensions of σ-twisted L(k, 0)-modules
and of σ2-twisted L(k, 0)-modules are
qdimL(k,0)L(k, i)
Tr =
sin pi(i+1)
k+2
sin pi
k+2
, r = 1, 2. (4.6)
Note that L(k, 0) satisfiy all the condictions in Lemma 4.2, (Z3)L(k,i) = Z3 and
(Z3)L(k,i)Tr = Z3 for 0 6 i 6 k, r = 1, 2. Using Lemmas 4.2-4.4, we can compute
the quantum dimensions of L(k, 0)Z3-modules:
qdimL(k,0)Z3L(k, i) = qdimL(k,0)Z3L(k, i)
Tr = 3
sin pi(i+1)
k+2
sin pi
k+2
, (4.7)
for 0 6 i 6 k, r = 1, 2. Therefore, we can easily obtain the quantum dimensions of
irreducible L(k, 0)Z3-modules.
Theorem 4.5. The quantum dimensions of irreducible L(k, 0)Z3-modules are
qdimL(k,0)Z3L(k, i)
j = qdimL(k,0)Z3L(k, i)
Tr ,j =
sin pi(i+1)
k+2
sin pi
k+2
, (4.8)
for 0 6 i 6 k, r = 1, 2, j = 0, 1, 2.
It is observed that qdimL(1,0)Z3M = 1 for any irreducible L(1, 0)
Z3-module M . As a
consequence, all the irreducible L(1, 0)Z3-modules are simple currents [9].
Let V be a vertex operator algebra with only finitely many irreducible modules, the
global dimension is defined as glob(V ) =
∑
M∈Irr(V ) qdim(M)
2 [9]. Assume G is a finite
subgroup of Aut(G), it is proved that |G|2glob(V ) = glob(V G) [3], [18]. One immediately
gets that
glob(L(k, 0)Z3) = 9
k∑
i=0
(
sin pi(i+1)
k+2
sin pi
k+2
)2.
Now we recall from [34] the fusion rules for the simple affine vertex operator algebra
L(k, 0).
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Lemma 4.6.
L(k, i)⊠L(k,0) L(k, j) =
∑
|i−j|6l6i+j
i+j+l∈2Z
i+j+l62k
L(k, l). (4.9)
The following Lemma follows from [11].
Lemma 4.7. For 0 6 i, j, l 6 k, i+j+l ∈ 2Z, i+j+l 6 2k, let Y (·, z) be an intertwining
operator of type
(
L(k, l)
L(k, i) L(k, j)
)
. Define Yσr(·, z) = Y (∆(h(r), z)·, z). Then Yσr(·, z)
is an intertwining operator of type
(
L(k, l)Tr
L(k, i) L(k, j)Tr
)
.
In order to determine the contragredient modules of irreducible L(k, 0)Z3-modules, we
racall from [10] that the irreducible L(k, 0)-modules L(k, i)(0 6 i 6 k) can be realized in
the module VL⊥ of the lattice vertex operator algebra VL, where L = Zα1+ · · ·+Zαk with
〈αi, αj〉 = 2δi,j , and L⊥ is the dual lattice of L. More precisely, the top level of L(k, i) is
an i + 1 dimensional vector space which is spanned by {vi,j|0 6 j 6 i} and vi,j has the
explicit form in VL⊥:
v0,0 = 1, vi,0 =
∑
I⊆{1,2,··· ,k}
|I|=i
e
αI
2 , vi,i =
∑
I⊆{1,2,··· ,k}
|I|=i
e−
αI
2 , (4.10)
vi,j =
∑
I⊆{1,2,··· ,k}
|I|=i
∑
J⊆I
|J |=j
e
αI−J
2
−αJ
2 , (4.11)
where αI =
∑
r∈I αr for a subset I of {1, 2, · · · , k}, and the vertex operator associated
with eα, α ∈ L⊥ is defined on VL⊥ by
Y (eα, z) = exp(
∞∑
n=1
α(−n)
n
zn) exp(
∞∑
n=1
α(n)
−n z
−n)eαzα(0). (4.12)
Moreover, the operatorY produces the intertwining operator for VL of type
(
Vλ1+λ2+L
Vλ1+L Vλ2+L
)
for λ1, λ2 ∈ L⊥.
Theorem 4.8. For 0 6 i 6 k, j ∈ {0, 1, 2}, k ∈ Z>1.
1. If i ∈ 3Z, then (L(k, i)j)′ ∼= L(k, i)−j as irreducible L(k, 0)Z3-modules.
2. If i ∈ 3Z+ 1, then (L(k, i)j)′ ∼= L(k, i)1−j as irreducible L(k, 0)Z3-modules.
3. If i ∈ 3Z+ 2, then (L(k, i)j)′ ∼= L(k, i)2−j as irreducible L(k, 0)Z3-modules.
4. (L(k, i)T1,j)′ ∼= L(k, k − i)T2,j as irreducible L(k, 0)Z3-modules.
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Proof. The contragredient module of L(1, i)jand L(1, i)Tr ,j(i, r = 0, 1, j = 0, 1, 2) can be
easily determined by using the lattice vertex operator algebra VZβ in Remark 3.13. Indeed,
the contragredient module of VZβ+ s
18
β is VZβ+ 18−s
18
β for any 0 6 s < 18.
Next, we consider the case of k > 1. A basic fact is that if V is a selfdual vertex
operator algebra, (M,YM) is a V -module and (M
′, YM ′) is the contragredient module of
M , then V ⊆M ⊠V M ′. From Theorem 2.12, we know that L(k, 0)Z3 is a selfdual vertex
operator algebra. Note that vi,i−j ∈ L(k, i)j(j = 0, 1, 2) for any 2 6 i 6 k. Since
v0,0 = 1 ∈ L(k, 0)0 = L(k, 0)Z3 ⊆ L(k, i)j ⊠L(k,0)Z3 (L(k, i)j)′,
by using (4.10)-(4.12), we can deduce that 1 can be obtained from Y (vi,j, z)(vi,i−j), where
Y is the nonzero intertwining operator for VL of type
(
Vλ1+λ2+L
Vλ1+L Vλ2+L
)
for λ1, λ2 ∈ L⊥.
This implies that vi,0 ∈ (L(k, i)0)′ for any 0 6 i 6 k, vi,1 ∈ (L(k, i)1)′ for any 1 6 i 6 k,
and vi,2 ∈ (L(k, i)2)′ for any 2 6 i 6 k. It is observed that
i!vi,0 = e(0)ivi,i, (i− 1)!vi,1 = e(0)i−1vi,i, (i− 2)!vi,2 = e(0)i−2vi,i.
Thus vi,0 ∈ L(k, i)0 if i ∈ 3Z, vi,0 ∈ L(k, i)1 if i ∈ 3Z + 1 and vi,0 ∈ L(k, i)2 if i ∈
3Z + 2. As a result, L(k, i)0 is selfdual if i ∈ 3Z, (L(k, i)0)′ ∼= L(k, i)1 if i ∈ 3Z + 1 and
(L(k, i)0)′ ∼= L(k, i)2 if i ∈ 3Z + 2. Other contragredient modules in 1-3 could be proved
using similar arguments.
Next we prove (L(k, i)T1,j)′ ∼= L(k, k − i)T2,j. From the definition of contragredient
module, we know that any g-twisted V -module M and its contragredient module M ′
(g−1-twisted V -module) have the same lowest weight. Note that a(1)k,i = a
(2)
k,k−i, where
a
(r)
k,i(r = 1, 2) is the conformal weight of L(k, i)
Tr defined in Lemma 3.7. Therefore,
(L(k, i)T1,j)′ ∼= L(k, k − i)T2,j holds for any 0 6 i 6 k, j ∈ {0, 1, 2}.
Lemma 4.9. For 0 6 i 6 k, we have the following L(k, 0)-isomorphisms.
1. (L(k, i)T1 , Yσ(∆(h
(1), z)·, z)) ∼= (L(k, i)T2 , Yσ2(·, z));
2. (L(k, i), Y (∆(h(3), z)·, z)) ∼= (L(k, k − i), Y (·, z));
3. (L(k, i), Y (∆(h(4), z)·, z)) ∼= (L(k, k − i)T1 , Yσ(·, z)).
Proof. Note that ∆(h(r), z) = ∆(h(1), z)r for r ∈ Z>0, and therefore the assertion 1 is
obvious. From the Lemma 2.6 in [11], we know that (L(k, i), Y (∆(h(3), z)·, z)) is an
irreducible L(k, 0)-module with the eigenvalue a
(3)
k,i of the operator L
(3)
0 on v
i,i defined in
Lemma 3.7. It is observed that a
(3)
k,i = a
(0)
k,k−i. It is easy to verify that the map ψ1 defined
by
ψ1 : (L(k, i), Y (∆(h
(3), z)·, z)) −→ (L(k, k − i), Y (·, z)) (4.13)
vi,i 7−→ vk−i,0. (4.14)
is an L(k, 0)-isomorphism. Then we can deduce that (L(k, i), Y (∆(h(3), z)·, z)) ∼= (L(k, k−
i), Y (·, z)) as an irreducible L(k, 0)-isomorphism, i.e., the assertion 2 holds.
21
Finally, the assertion 3 is immediate by using the assertion 2:
(L(k, i), Y (∆(h(4), z)·, z)) ∼= (L(k, i), Y (∆(h(1), z)∆(h(3), z)·, z))
∼= (L(k, k − i), Y (∆(h(1), z)·, z))
∼= (L(k, k − i)T1 , Yσ(·, z)).
Moreover, we can also construct a σ-twisted L(k, 0)-isomorphism
ψ2 : (L(k, i), Y (∆(h
(4), z)·, z)) −→ (L(k, k − i)T1 , Yσ(·, z)) (4.15)
vi,i 7−→ vk−i,0. (4.16)
The following corollary is clear by noting that ∆(h(r), z) = ∆(h(1), z)r for r ∈ Z>0.
Corollary 4.10. For 0 6 i 6 k, we have the following L(k, 0)-isomorphisms.
1. (L(k, i)T1 , Yσ(∆(h
(2), z)·, z)) ∼= (L(k, k − i), Y (·, z));
2. (L(k, i)T2 , Yσ2(∆(h
(1), z)·, z)) ∼= (L(k, k − i), Y (·, z));
3. (L(k, i)T2 , Yσ2(∆(h
(2), z)·, z)) ∼= (L(k, k − i)T1 , Yσ(·, z)).
Lemma 4.11. For 0 6 i 6 k, j = 0, 1, 2, we have the following L(k, 0)Z3-isomorphisms.
1. (L(k, i)j , Y (∆(h(1), z)·, z)) ∼= (L(k, i)T1,j , Yσ(·, z));
2. (L(k, i)j , Y (∆(h(2), z)·, z)) ∼= (L(k, i)T2,−j, Yσ2(·, z));
3. (L(k, i)T1,j, Yσ(∆(h
(1), z)·, z)) ∼= (L(k, i)T2,−j, Yσ2(·, z));
4. (L(k, i)j , Y (∆(h(3), z)·, z)) ∼= (L(k, k − i)j+k−i, Y (·, z));
5. (L(k, i)j , Y (∆(h(4), z)·, z)) ∼= (L(k, k − i)T1,j+k−i, Yσ(·, z));
6. (L(k, i)T2,j, Yσ2(∆(h
(1), z)·, z)) ∼= (L(k, k − i)−j+k−i, Y (·, z));
7. (L(k, i)T2,j, Yσ2(∆(h
(2), z)·, z)) ∼= (L(k, k − i)T1,−j+k−i, Yσ(·, z)).
Proof. For k = 1, these isomorphisms can be easily confirmed by using the lattice vertex
operator algebra VZβ in Remark 3.13. Now we prove the case of k > 1.
We first show the assertion 1. From the Lemma 2.6 in [11], we know that (L(k, i)j,
Y (∆(h(1), z)·, z)) is an irreducible L(k, 0)Z3-module. Since L(k, i) = L(k, i)T1 as vector
spaces and Y (∆(h(1), z)·, z) = Yσ(·, z) as vertex operators on L(k, i), it follows from
vi,i−j ∈ L(k, i)j ∩ L(k, i)T1,j that L(k, i)j = L(k, i)T1,j. Then we obtain the assertion 1.
The assertion 2 can be proved by using similar arguments. Just note that vi,i−j ∈
L(k, i)j ∩ L(k, i)T2,−j . Then we obtain the assertion 2.
The assertion 3 follows from the assertion 1 and 2.
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Next, we show the assertion 4. Recall the L(k, 0)-isomorphism ψ1 defined in (4.13) and
the fact that a
(3)
k,i = a
(0)
k,k−i. Moreover, v
k−i,0 ∈ L(k, k−i)0 if k−i ∈ 3Z, vk−i,0 ∈ L(k, k−i)1
if k − i ∈ 3Z+ 1 and vk−i,0 ∈ L(k, k − i)2 if k − i ∈ 3Z+ 2. Then we can deduce that
(L(k, i)j, Y (∆(h(3), z)·, z)) ∼= (L(k, k − i)j , Y (·, z)), if k − i ∈ 3Z,
(L(k, i)j, Y (∆(h(3), z)·, z)) ∼= (L(k, k − i)j+1, Y (·, z)), if k − i ∈ 3Z+ 1,
(L(k, i)j, Y (∆(h(3), z)·, z)) ∼= (L(k, k − i)j+2, Y (·, z)), if k − i ∈ 3Z+ 2.
This proves the assertion 4.
Finally, the assertion 5 follows from the assertion 1 and 4, the assertion 6 follows from
the assertion 2 and 4, and the assertion 7 follows from the assertion 2 and 5.
For j1, j2 ∈ Z, 0 6 i1, i2, i3 6 k, such that i1+ i2+ i3 ∈ 2Z, i1+ i2+ i3 6 2k, we define
sign(i1, i2, i3, j1, j2) =

j1 + j2, if
1
2
(i1 + i2 − i3) ∈ 3Z,
j1 + j2 − 1, if 12(i1 + i2 − i3) ∈ 3Z+ 1,
j1 + j2 − 2, if 12(i1 + i2 − i3) ∈ 3Z+ 2.
(4.17)
Now we are in a position to determine the fusion rules for all the irreducible L(k, 0)Z3-
modules. For the irreducible L(k, 0)Z3-modules W 1 and W 2, we drop the subscript
L(k, 0)Z3 in the fusion product W 1 ⊠L(k,0)Z3 W
2 and simply denote W 1 ⊠ W 2 without
causing confusion. The following theorem together with Proposition 2.21 and Theorem
4.8 give all the fusion rules for the Z3-orbifold vertex operator algebra L(k, 0)
Z3 .
Theorem 4.12. The fusion rules for the Z3-orbifold affine vertex operator algebra L(k, 0)
Z3
are as follows:
L(k, i1)
j1 ⊠ L(k, i2)
j2 =
∑
|i1−i2|6i36i1+i2
i1+i2+i3∈2Z
i1+i2+i362k
L(k, i3)
sign(i1,i2,i3,j1,j2), (4.18)
L(k, i1)
j1 ⊠ L(k, i2)
T1,j2 =
∑
|i1−i2|6i36i1+i2
i1+i2+i3∈2Z
i1+i2+i362k
L(k, i3)
T1,sign(i1,i2,i3,j1,j2), (4.19)
L(k, i1)
j1 ⊠ L(k, i2)
T2,j2 =
∑
|i1−i2|6i36i1+i2
i1+i2+i3∈2Z
i1+i2+i362k
L(k, i3)
T2,−sign(i1,i2,i3,j1,−j2), (4.20)
L(k, i1)
T1,j1 ⊠ L(k, i2)
T1,j2 =
∑
|i1−i2|6i36i1+i2
i1+i2+i3∈2Z
i1+i2+i362k
L(k, i3)
T2,−sign(i1,i2,i3,j1,j2), (4.21)
L(k, i1)
T1,j1 ⊠ L(k, i2)
T2,j2 =
∑
|i1−i2|6i36i1+i2
i1+i2+i3∈2Z
i1+i2+i362k
L(k, k − i3)sign(i1,i2,i3,j1,−j2)+k−i3, (4.22)
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L(k, i1)
T2,j1 ⊠ L(k, i2)
T2,j2 =
∑
|i1−i2|6i36i1+i2
i1+i2+i3∈2Z
i1+i2+i362k
L(k, k − i3)T1,sign(i1,i2,i3,−j1,−j2)+k−i3, (4.23)
where 0 6 i1, i2, i3 6 k, j1, j2 ∈ {0, 1, 2}.
Proof. Proof of (4.19): From Lemma 4.7, we know that Yσ(·, z) is an intertwining operator
of type
(
L(k, i3)
T1
L(k, i1) L(k, i2)
T1
)
where 0 6 i1, i2, i3 6 k, |i1− i2| 6 i3 6 i1+ i2, i1+ i2+ i3 ∈
2Z and i1 + i2 + i3 6 2k. Thus we have
Yσ(v
i1,i1 , z)vi2,i2 = z−
i1
6 Y (vi1,i1, z)vi2,i2.
Recall that a
(r)
k,i =
i(i+2)
4(k+2)
+ r
2k−6ir
36
is the conformal weight of the irreducible σr-twisted
L(k, 0)-module L(k, i)Tr for r = 1, 2. Then we can deduce that Yσ(·, z) is an intertwining
operator of type
(
L(k, i3)
T1,j3
L(k, i1)
0 L(k, i2)
T1,0
)
if and only if
a
(0)
k,i1
+ a
(0)
k,i2
− a(0)k,i3 − a
(0)
k,i1
− a(1)k,i2 + a
(1)
k,i3
+
i1
6
+
j3
3
∈ Z
which is equivalent to i1+i2−i3
6
+ j3
3
∈ Z. Hence j3 = 0, if 12(i1 + i2 − i3) ∈ 3Z, j3 = 2, if
1
2
(i1 + i2 − i3) ∈ 3Z+ 1, and j3 = 1, if 12(i1 + i2 − i3) ∈ 3Z+ 2.
In general, for any 0 6 i1, i2, i3 6 k, |i1 − i2| 6 i3 6 i1 + i2, i1 + i2 + i3 ∈ 2Z
and i1 + i2 + i3 6 2k, j1, j2, j3 ∈ {0, 1, 2}, Yσ(·, z) is an intertwining operator of type(
L(k, i3)
T1,j3
L(k, i1)
j1 L(k, i2)
T1,j2
)
if and only if
a
(0)
k,i1
+ a
(0)
k,i2
− a(0)k,i3 − a
(0)
k,i1
− a(1)k,i2 + a
(1)
k,i3
+
i1
6
− j1
3
− j2
3
+
j3
3
∈ Z
which is equivalent to i1+i2−i3
6
− j1+j2−j3
3
∈ Z. Hence j3 = sign(i1, i2, i3, j1, j2). Recall the
quantum dimensions of irreducible L(k, 0)Z3-modules along with the fact that
sin pi(i1+1)
k+2
sin pi
k+2
· sin
pi(i2+1)
k+2
sin pi
k+2
=
∑
|i1−i2|6i36i1+i2
i1+i2+i3∈2Z
i1+i2+i362k
sin pi(i3+1)
k+2
sin pi
k+2
.
Then we can deduce that (4.19) holds.
Proof of (4.18): Note that vi,i−j ∈ L(k, i)j if and only if vi,i−j ∈ L(k, i)T1,j, then by
(4.19), we botain (4.18).
Proof of (4.20): Recall from Lemma 4.11, we know that
(L(k, i)T1,j, Yσ(∆(h
(1), z)·, z)) ∼= (L(k, i)T2,−j, Yσ2(·, z)).
Then, as a result of [11] Proposition 2.8, we can get (4.20). Actually, one can also use the
symmetric property in Proposition 2.21, Theorem 4.8 and (4.19) to determine the fusion
reules N
L(k,i3)T2,j3
L(k,i1)j1 ,L(k,i2)T2,j2
.
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Proof of (4.21): Since
L(k, i1)
j1 ⊠ L(k, i2)
T1,j2 ∼= L(k, i2)T1,j2 ⊠ L(k, i1)j1 ,
we can prove (4.21) by using (4.19), the Proposition 2.8 in [11] and Lemma 4.11.
Proof of (4.22): Using (4.21), the Proposition 2.8 in [11] along with Lemma 4.11, we
can deduce that
L(k, i1)
T1,j1 ⊠ L(k, i2)
T2,−j2 =
∑
|i1−i2|6i36i1+i2
i1+i2+i3∈2Z
i1+i2+i362k
L(k, k − i3)sign(i1,i2,i3,j1,j2)+k−i3 .
Then (4.22) is clear.
In almost exactly the same way, we can prove (4.23).
Remark 4.13. For the case of k = 1, recall from Remark 3.13 that L(1, 0)Z3 can be
realized as the lattice vertex operator algebra VZβ with (β, β) = 18 and the correspondence
between irreducible L(1, 0)Z3-modules and {VZβ+ s
18
β |0 6 s < 18} has been listed explicitly.
It is well known that
VZβ+ s
18
β ⊠VZβ VZβ+ t18β = VZβ+
s+t
18
β,
where we use s, t to denote both integers between 0 and 17 and its residue class modulo 18
in this situation. This formula also gives the fusion rules for all the irreducible L(1, 0)Z3-
modules. It is not difficult to verify that the fusion rules given in this manner are consistent
with the results in Theorem 4.12.
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